PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: April 17, 2007
ACCEPTED: May 15, 2007
PUBLISHED: May 18, 2007

Stretched horizon and entropy of superstars

Luca D’Errico, Wolfgang Miick and Roberto Pettorino

Dipartimento di Scienze Fisiche, Universita degli Studi di Napoli “Federico 11”7, and
INFN, Sezione di Napoli, via Cintia, 80126 Napoli, Italy
E-mail: lucaderrico82@libero.it, pueck@na.infn.it], pettorino@na.infn.it|

ABSTRACT: Amongst the class of supergravity solutions found by Lin, Lunin and Malda-
cena, we consider pure and mixed state configurations generated by phase space densities in
the dual fermionic picture. A one-to-one map is constructed between the phase space den-
sities and piecewise monotonic curves, which generalize the Young diagrams corresponding
to pure states. Within the fermionic phase space picture, a microscopic formula for the
entropy of mixed states is proposed. Considering thermal ensembles, agreement is found
between the thermodynamic and the proposed microscopic entropies. Furthermore, we
study fluctuations in thermodynamic ensembles for the superstar and compare the entropy
of these ensembles with the area of stretched horizons predicted by the mean fluctuation

size.
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1. Introduction

Extremal small black holes are intriguing objects. On the one hand, as solutions of super-
gravity (SUGRA), they have vanishing horizon area, because the horizon locus coincides
with the space-time singularity. On the other hand, counting microstates yields a finite
entropy (for a review, see [lll). Within String Theory, the origin of this discrepancy is to be
found in the supergravity approximation. In simple terms, in the supergravity limit, one
considers objects of the size comparable to a typical gravitational length scale, L, which

11/2

is much larger than the string length, L > o//“. Consequently, objects of a typical size

2, This is the case of small black holes. The horizon

A < L cannot appear, even if A > «
area that would follow from their entropy and the Bekenstein-Hawking formula, A = 4GS,
vanishes in the supergravity limit when measured in units of L. Including higher derivative
corrections to SUGRA generates intermediate length scales; e.g., one could have \* = o/ L?.
Therefore, for small black holes, a finite-size horizon is expected to be generated, and the
coefficient 1/4 in the Bekenstein-Hawking formula can receive large corrections [g].
Maybe the easiest way conceptually to find the entropy of extremal small black holes
is to use Sen’s entropy function [f] for a SUGRA Lagrangian with higher derivative correc-

tions [, fl.! Another way, which yields, however, only an order-of-magnitude estimate of

LA similar method is c-function extremization [H] In this method, higher derivative corrections have
been considered in [[]. A generalization of Sen’s entropy function formalism for rotating black holes has
been developed in



the entropy, employs the fuzzball conjecture (for a review, see [[]]). According to this con-
jecture, the black hole geometry is the result of coarse graining the underlying microstates,
which possess distinct geometries differing from each other only in the space-time region
around the singularity. To observers far from the black hole measuring typical observables
(in the sense discussed in [[[(]), the differences between microstates are invisible. Placing a
stretched horizon around the space-time region, where the microstates significantly differ,
one can estimate the black hole entropy using the Bekenstein-Hawking area law.

In this article, we consider the bubbling solutions found by Lin, Lunin and Maldacena
(LLM) [L1]}, which are the gravity duals of 1/2-BPS chiral primary operators in N' = 4
Super Yang-Mills (SYM) theory. The 1/2-BPS sector has a simple description in terms of
free fermions in a harmonic oscillator potential, and an orthogonal set of states is in one-to-
one correspondence with Young diagrams [[J, [[3]. The LLM bubbling solutions have been
extensively studied in the literature. Duality between the Pauli exclusion principle and the
absence of closed time-like curves has been established in [[[4, [[]. Statistical ensembles
of bubbling solutions have been considered in [[—[I§, [[(]. Further work can be found
)

In [I(], an ensemble of microstates has been proposed that fits the geometry of the
superstar f]. In the present article, we will further test this ensemble by calculating
an entropy estimate using a stretched horizon, lifting the geometric analysis of [[I7] to ten
dimensions. To this end, we shall consider the mean size of fluctuations of the superstar
ensemble, which provides a measure for the size of the stretched horizon, with the result
that the predicted horizon size is too large in orders of magnitude. Hence, we will propose
another ensemble, which we shall call the restricted superstar ensemble, which also gives
rise to the superstar geometry, but whose fluctuation sizes are consistent with the order of
magnitude of the superstar entropy. On the way, we will discuss in detail the map between
Young diagrams that characterize microstates and fermion droplets that generate the LLM
geometry, as well as the generalization of that map to mixed states. Moreover, we will
propose and test a unique formula for the entropy of mixed states, which arises directly
from identifying the LLM plane of droplets with the semi-classical phase space of fermions.

The article is organized as follows. In section [, we briefly review the LLM solutions
and some of their properties. Section [J deals with the one-to-one map between fermion
phase space density functions u(r) and the (piecewise) monotonic curves Y (X), which
generalize the Young diagrams associated with microstates. At the end of that section, we
propose our new entropy formula. In section [, we discuss the construction of a stretched
horizon in the superstar geometry, lifing the 5d analysis of [[L7]] to ten dimensions. This will
allow us to make contact later with the typical size of fluctuations in ensembles of Young
diagrams. In section [, some statistical ensembles of Young diagrams are considered. We
shall start with a review of the general grand canonical ensemble of [[{], by means of which
we will be able to test our entropy formula. Then, we shall specialize to the grand canonical
superstar ensemble of [I(] and find that the size of the stretched horizon compatible with
the fluctuations of that ensemble is too large. Therefore, we define and study a restricted
superstar ensemble, whose typical fluctuation size matches the expected size of a stretched
horizon. Finally, section fj will contain conclusions.



2. Review of LLM solution
The metric of the LLM solutions is given by
ds® = —h72(dt + VidzH)? + h2(dy? 4 dz'da?) + ye© dO3 +ye ¢ dOZ, (2.1)

with ¢ = 1,2, and
B2 2y 2°G _ 1422

—_ . 2.2
Va2 0 Ti-2 (22)
The auxiliary function z and the vector V; are given by
2 !
Y 2.1 zo(x")
= o B

€ , 2o(x)(x — )
i =2 [t

where zp(x) = z(x,0) is the boundary data for the auxiliary function z(x,y) on the plane
y = 0, spanned by x! and z2. For the complete solution including the 5-form, we refer the
reader to the original paper [[L]].

The metric (B.1)) is regular, if zo(x) = £1/2. It possesses naked null-singularities for
|z0| < 1/2, and closed time-like curves (CTCs) for |29| > 1/2 [[4).? In this paper, we shall
consider only solutions with |zp| < 1/2.

It is convenient to define 1

() = 5 — u(x), (2.4)
so that, for a regular metric, only u(x) = 0,1 are allowed values. For better visualization,
one can think of u as specifying a certain darkness, or grayscale, on the 1-2-plane, with
u =0 and u = 1 corresponding to colours white and black, respectively. Then, the regular
solutions are characterized by “droplets”, i.e., arbitrary configurations of black and white
regions on the 1-2-plane, whereas gray areas generate naked null-singularities.

Intuitively, one can identify u(x) with the semi-classical phase-space density of fermions
in the dual fermionic picture that describes the 1/2-BPS sector. In this context, the Pauli
exclusion principle for fermions (and holes), 0 < u < 1, implies the absence of CTCs [[L4].
The regular solutions described by a distribution of black droplets are the duals of pure
states, or microstates, whereas solutions that involve gray areas are duals of mixed states.

In what follows, we shall consider solutions corresponding to a large, but finite, number
of fermions, N. Identifing the 1-2-plane with the semi-classical phase space of the fermions,
we should remember that it is “discretized” into small elements of volume 27h. For small
h, we approximate the sum over these phase space elements as

1 2
ph.sp.

2(Clearly, one must cut out those regions of the (x,v) 3-space, where |z(x,)| > 1/2. Then, the metric is
singular at the space-time boundary, where |z(x,y)| = 1/2 for y > 0. CTCs are found within space-time,
close to this boundary.



Therefore, the total number of fermions is

1 2
ZU—E d*zu(x) =N . (2.6)
ph.sp.

Without loss of generality, the origin in the 1-2-plane is identified with the center of mass
of the density u(x).
For large y* + |x|?, the metric (R-]) approaches asymptotically AdSs x S°, with length

scale
1

L = —/dzxu(x) . (2.7)

s

Hence, a circular black droplet of radius R corresponding to the fermionic ground state
(the Fermi sea) generates precisely AdSs x S°, with L? = R.
From (P.§) and (B.7) one readily obtains

L* = 2hN . (2.8)
Comparing this with the standard formula, L* = 47Tgso/2N , yields the “Planck constant”
h=2mg.a” . (2.9)

The leading deviations from the asymptotic AdSs x S° geometry reveal the presence of
equal angular momentum and mass [[L1], given by

Aoyt [l ] i/d? ) (2.10)
T o ) S 2\ 27n ) Y ' '

This corresponds precisely to the energy of the fermions above the ground state.

Finally, considering regular solutions, the quantization of 5-form flux imposes an addi-
tional restriction on the droplet distribution. It can be shown that the area of any compact
black or white region is quantized in Planck units [[L1]],

(area) = 27hn, (2.11)

with some integer n.

3. Droplets, Young diagrams and limit curves

In this section, we shall consider LLM solutions determined by density functions u(r) with
rotational symmetry on the 1-2-plane. Such solutions possess two Killing vectors and are
static in the asymptotic AdS coordinates. We will show that there exists a one-to-one map
between these LLM solutions and (piecewise) monotonic curves X (Y'). For regular geome-
tries generated by distributions of concentric black rings, these curves precisely delimit the
Young diagrams that specify the dual 1/2-BPS microstates.® For general densities u(r),
they are the limit curves of [[L{].
In what follows, we use polar coordinates (r,¢) on the 1-2-plane.
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Figure 1: Examples of black ring distributions and their associated Young diagram curves.

3.1 Microstates: Droplets and Young diagrams

Let us start with a droplet configuration of M concentric black rings, such as those illus-
trated in figure [[. Since the LLM geometry generated by such a configuration is regular,
it is interpreted as a microstate, i.e., a pure quantum state. The quantization of five-form
flux (R.11)) introduces two sets of integers, by, and wy (k = 1,..., M), specifying the areas
of the single black and white rings, respectively. More precisely, if we denote by r; and Ry,
the inner and outer radii of the k-th black ring, respectively, where k = 1 stands for the
innermost ring, then the integers b, and wy, are defined by

1 2 2 1 2 2
be = 5= m(Ri — i), wp = %W(Tk - Rp1) . (3.1)
Here and henceforth, we define Ry = 0. Moreover, r; = 0 is an allowed value corresponding
to a configuration where the innermost ring is a disc, as in figure fla). The total area of all

black rings specifies the total number of fermions, so

Z b, =N . (3.2)

Using the integers by and wy, one can construct a curve that delimits a Young diagram

as follows. Take a pen and place it at the origin of a usual X-Y coordinate system.*

3In this case, the map can be found explicitly in figure 1 of [@]
4We use capital letters X and Y in order to avoid confusion with the coordinates in the LLM solution.



Without lifting the pen, draw a line w; units to the right, followed by b; units to the top,
then wsy units to the right and by units to the top, and so on for all k =1,..., M. From
where the pen is then, draw a horizontal line extending infinitely to the right. This line,
which is at Y = N (in as yet unspecified units), corresponds to the infinite white plane
around the droplets. The area between the curve, the Y-axis and the horizontal line at
Y = N (gray areas in figure [) constitutes the Young diagram that specifies the 1/2-BPS
operator dual to the LLM geometry. Figure [[] shows two examples of this construction.
In terms of the integers by and wy, the area of the Young diagram is

A= Z by, Zwl (3.3)
k=1 =1
Let us compare this formula with LLM’s formula (R.1(). From (R.10) we obtain
M ] 2

k=1

1 M
AZ@;(%— F 8h2

LM
:872(32—773)
ke

(B4 02) — (12— 1) —23" (2 —7“12)]

<k

which coincides with (B.3) after using (B.1).

3.2 General states: fermion densities and limit curves

It is possible to generalize the above construction to the case of rotationally symmetric
phase-space densities u(r). For this purpose, we follow the proposal of [E] and define two
functions Y (r) and X (r) by®

T

Y(r)= /dr'r'u(r'), X(r) = %7“2 -Y(r). (3.5)

0

Notice that both Y (r) and X(r) are monotonically increasing, because 0 < uw < 1. The
maximum value of Y is

1
Yoo =Y (r = o0) = hN = §L4 . (3.6)

The pair [X(r),Y (r)] defines a parametric curve on the X-Y plane. It is easily seen that,
for a distribution of concentric black rings such as we considered earlier, (B.H) reduces to
the construction of the Young diagram curve considered in the last subsection, with unit
length % on both axes. Figure | shows a simple example containing areas with u = 1/2.
We can also go the other way around and find the fermion density u(r) associated with
a given monotonic curve Y (X). To do this, we invert (B.J) assuming that X is a (piecewise

SWith respect to @], we interchange X and Y and use a different normalization.



X

Figure 2: The grayscale distribution obtained by superposing the distributions of figure m with
equal weights, and its associated curve.

differentiable) function of Y. Then, one obtains

r=+v2(X+Y), u:#,(y). (3.7)

Similarly, one can write
1

T+ Y(X)

where Y is considered as a (piecewise differentiable) function of X.
Expressing the LLM energy (R.10) in terms of ¥ and X using (B.H) and (B.7), one

obtains

1—u (3.8)

Yoo
1
A= / Ay X(v), (3.9)
0
which is, as expected, the area to the left of the curve Y (X) measured in units of A.
Now, we would like to sharpen the notion that singular geometries describe mixtures
of microstates. To this end, we first establish that the above construction satisfies a nice
superposition property. In the following, let # and N (and, consequently, also L) be fixed.
Consider a number of rotationally symmetric density functions wug(r), each describing a
phase space distribution of N fermions. These u; can correspond to microstates, but they

need not. Let us now consider the following fermion density,
u(r) = Z apu(r), with Zak =1. (3.10)
k k
Then, from (B.5) follow immediately

X(r) = aXelr), Y(r)=> aYi(r), (3.11)
k k

i.e., the superposition of fermion densities is equivalent to the superposition of Young
diagram limit curves, if the latter are regarded as parametric curves depending on r.

It is worth noting that this superposition property is consistent with the notion of
microstates as purely black and white droplet configurations. Indeed, (B.1(]) implies that
it is impossible to obtain such configurations as superpositions.



In order to show that the energy A associated with the mixed state with density u(r)
is given by the weighted average of the energies Ay, one can start from (B.9) and use (B.§)

Yoo 00
1 L o 1 3 2
A:ﬁ/dY<§r _Y>:ﬁ /drru(r)—Yoo

to rewrite it as®

0 0
1 [e. 9]
= 53 Zak /dr up(r) Y2 | = Z apAy (3.12)
k 0 k

3.3 Entropy formula

Mixed states possess a non-zero entropy. Therefore, it should be possible to find a unique
measure for the entropy of a mixed state, given its density function u(r). The von Neumann
entropy of mixing, Smix = — Y ax In ax, where one assumes that the densities u, in (B.10)
correspond to pure states, is not a suitable definition, however. One reason is that, given
just the mixed state density u(r), it is impossible to determine unambiguously its microstate
content and the coefficients ay,.

A good definition for the mixed state entropy follows from the interpretation of the
droplet plane as the phase space of fermions. Remember that, semi-classically, the phase
space is quantized in small elements of volume 27h. Let us label these elements by an integer
n. Then, the probabilities for finding or not finding a fermion in the phase space element
#n form a Bernoulli distribution, {u,,1 — u,}. Summing the von Neumann entropies of
the Bernoulli distributions of all phase space elements, we obtain an unambiguous entropy
for the mixed state configuration. In the semi-classical limit, this gives

1
S = ~57 Az [ulnu+ (1 —u)ln(l —u)] . (3.13)
We shall confirm in section [ that (B.13) correctly reproduces the thermodynamic entropy
for ensembles of Young diagrams.

4. Superstar and stretched horizon

We will consider now the construction of a stretched horizon for the superstar geometry,
which provides an estimate for the entropy of the underlying mixed state. Let us start
with the 5d reduction of the superstar, which is a well-known extremal black hole solution

of N'= 2 gauged SUGRA in five dimensions [2§, PJ]. Its metric is given by

ds? = —H 2P fa? + BV (f71dp® + p2d03) (4.1)
where
% P
H(p)=1+wﬁ, flp)=1+H(p) 5 - (4.2)

®Notice that X (Y) # >, ax Xk (Y).



For convenience, we have expressed the black hole charge by the dimensionless w in units of
the AdS length scale, L. We use p instead of the conventional r in order to avoid confusion
with the polar coordinate r on the 1-2-plane in the 10d solution.

Following [[L7], let us consider a static stretched horizon located at constant p = pg
and wrapping the 3-sphere in ({.]). Its “area” is easily found to be

As =27 o3 H (po) '/ . (4.3)

Because the 5d N' = 2 gauged SUGRA can be thought of as the compactification of 10d
type-IIB SUGRA on a 5-sphere with radius L, the 5d gravitational constant is
Go 21t h? T

Gy = = = 3 4.4
T ISV  LPmw3  2NZ (44)

where we have made use of (B.§) and (2.9). Hence, an estimate for the entropy is found as

Shor ~ 4— N2 Po 2V W+ pO/L2 (45)

It is instructive to repeat this calculation in ten dimensions using the LLM form of
the superstar solution. After uplifting the 5d metric ([I.])), one obtains the 10d superstar
in the form [BQ]

ds? 1 < 20+ D )dt2+2L '29dtd¢+L2H in? 0 de>+
S = ———= | CO — S1n Sin
D L2 VD VD (46)
L? ~ '
+ VD (f1dp* + p*dQ3) + L*V D dé* + @coﬁedm,

where D = sin?6 + Hcos?0, § € [0,7/2], and ¢ € [0,27]. Upon changing coordinates

to [14]

y = Lpcos@, r=L*\/f(p)sinf, t— Lt, (4.7)

one finds the superstar in the standard LLM form (R.1). The 1-2-plane is described in polar
coordinates (r, ¢). The fermion distribution generating the solution is given by a gray disc
of radius

ro = L*V1+w (4.8)
and uniform density
= (1+w)t. (4.9)

Hence, according to (B.7), the limit curve corresponding to the superstar is a straight line
with slope X'(Y) = w, for 0 < Y < Y, and the delimited area is just a right angled
triangle with side lengths Y, = AN and X (Y,) = ANw. The energy of the superstar
follows easily from (B.9),

1
A= §N2w : (4.10)
According to our general formula (B.13), the entropy of the underlying mixed state is

S=N[(14w)lh(l4+w)—-wlnw| . (4.11)



Let us consider now the uplift of the stretched horizon. It is a static 8-surface wrapping
the two 3-spheres and forming a rotationally symmetric 2-surface above the y = 0 plane.
Its y-r profile follows from ([L.7) and is the segment of an ellipse,

2 2
LAY (4.12)
Yo "H

with

yu = Lpo, rg = L*\/1+w+pt/L2. (4.13)

From the LLM metric (R.])) one obtains the area of the stretched horizon as

~ 1
Ag = /ng dQzdédry?y/1 + y’z\/<1 - 22> r2 —y2V2, (4.14)

where y' = dy/dr. To continue, we still need expressions for z and Vj on the horizon. The

easiest way to find them is from the uplift formulae [B(j], which imply

1p°D — L%cos?0  1p§+ (w—1)y?

- 202D + L2 cos? 0 - §p3—|—(w—|—1)y2
sin? 6 B LQp% —y?

cos20 + p?D/L _pé + (w+ 1)y?

(4.15)

Vy=— (4.16)

where the second equalities in each line follow from ([L.7). After substituting these formulae

into (f.14), changing integration variable from r to y and using (f.19) and ([L13), the
expression simplifies dramatically after some algebra. We end up with

As = (2522 (2 / dy \/w+p0/L2—2w RLS\Jw+ 312, (417)

Hence, we obtain for the entropy

915 2,6 2772 2
Spor ~ Asg _ 2706 Vw+pg/ :WNQ% /w+p3/L2, (4.18)

4G10 4(27T4h2)

in agreement with ([L.F).

As we have seen in ([.11]), the entropy is of order N. In order to achieve this, the
radius parameter py must be of order 1/v/N in units of the AdS length scale L. More,
precisely, setting

L2 TN’

where ¢(w) can depend on the slope of the limit curve, and neglecting the second term in

£ _ o) (4.19)

the square root (we have large N), we obtain
Shor & c(wW)Ny/w = c(w)V2A, (4.20)

where A is the superstar energy ({.10).

,10,



One can justify the form ([E.19) by considering the minimum fluctuation of the number
of columns of a Young diagram [, which is, obviously, dn. = 1. Fluctuations of the
number of columns translate into fluctuations at the upper end of the limit curve triangle.
Moreover, as the upper end of the limit curve corresponds to the border of the gray disc of
non-zero fermion density, we can interpret these fluctuations as fluctuations of the disc’s
radius. In particular, let us use (B-§) to write”

6rd = 25X (Ya) = 2hén, . (4.21)
Considering a stretched horizon of the form ([.19), we identify
ri =i 4 ord . (4.22)
Thus, using also ([.§) and ([.13), we determine the parameter py as

1

21 1
Ao 2 2 b1 = ~-one. (4.23)

12 —ﬁ(V"H—To) =74
implying c(w) = 7 in ([L19) and ({.20).

Using the minimum fluctuation of a statistical ensemble is, however, not very reason-
able. In section [, we will check whether the mean size of fluctuations in the superstar
ensemble is in agremment with (f.19).

5. Ensembles of Young diagrams

In this section, we shall consider some statistical (thermodynamic) ensembles of Young
diagrams. Our main interest is in ensembles, whose limit curves are in agreement with the
superstar solution. We will, however, start by considering the grand canonical ensemble
of [id] and verify that the fermionic entropy (B.13) reproduces the thermodynamic entropy
of the ensemble.

First, let us state how we describe Young diagrams. The most convenient way for our
purposes to describe a given Young diagram is to specify N numbers ¢;, j = 1,2,..., N,
which count the number of columns of length j. The maximum possible length of any
column is N. The total number of columns of the diagram thus specified is

N
ne = Z ¢, (5.1)
j=1
whereas the total number of boxes of the diagram is
N
E=) jc. (5.2)
j=1

For 1/2-BPS states in N/ = 4 SYM with gauge group U(XV), the ¢;’s can take any non-
negative integer value, ¢; = 0,1,2,.... For gauge group SU(XN), the restriction tr Z = 0%

"Yoo is fixed.
87 is the complex combination of two of the six real scalar fields, e.g.,Z = X' +iX*, which transform
in the adjoint of the gauge group.

— 11 —



removes all diagrams with ¢; > 0. In what follows, we shall consider U(V). In the large-N
(thermodynamic) limit, the differences between the U(/V) and SU(N) results are subleading
in 1/N.

In the thermodynamic limit, we replace the integers j and c¢; by the continuous variables
of the limit curve, such that

j
hji—Y, hY —X(Y) = ¢—X(Y), (5.3)
=1

and take the limit such that
h—0, N — 0, with AN =Y, fixed. (5.4)
The last replacement in (f.J) comes very handy in view of the relation (B.7).

5.1 Grand canonical ensemble

Balasubramanian et al. [[(] studied a grand canonical ensemble, in which the mean energy,
A = (E), and the mean number of colums, N, = (n.), were fixed using Lagrange multi-
pliers. They found that the superstar limit curve is obtained for infinite “temperature”.
In the following, we shall briefly review their calculations for arbitrary temperature, in
order to verify our proposal for the entropy (B.13), and specialize to infinite temperature
in section [5.9.

Let us start with the grand canonical partition function?

N
— > (aj/N+X)e;

Z =Y e BN e =N "o = . (5.5)

{e} {ej}
After performing the sum over the ¢;’s in (b.5)), we obtain!"
N ~1
z=1] [1 _ e—(aﬂ’/N“)] . (5.6)
j=1

To continue, we consider In Z and take the thermodynamic limit (5.4), with the result

N
nZ = — [LiQ(e*A) - LiQ(e*(a“))] : (5.7)
«
where
1—x It 00 n
. n T
1 n=

is the dilogarithm function.

Tt is useful for the thermodynamic limit to introduce as Lagrange multiplier o = 3N, where 3 is the
inverse “temperature”.
10This holds for gauge group U(N). For SU(N), the product would start with j = 2.

- 12 —



The Lagrange multipliers are fixed imposing the mean values

A _ <E> _ 9 _ 1 N —(a+X)
and (043)
0 N, 1—e\@

Then, the thermodynamic entropy is found to be

A
Stherm = an + OéN + )‘NC

N
= — |2Lig(e™) — 2Lis(e ™) 4 (¢ + A) In(1 — e~ @FN) — XIn(1 — e_)‘)} .
a
(5.11)
We would like to verify that the semi-classical fermionic entropy (B.13) correctly re-

produces the thermodynamic entropy (B.11)). Taking into account (B.7) and (f.3), we need
to find the mean value (c;),

N
1 — > (a@/N+A)c; . -1
() =2 e & _ <ecw/N+A _1> . (5.12)
fei}
Thus, the fermion density (B.7]) is!!
uw=1—e (/NN (5.13)

and the entropy (B.13)) becomes, after making the replacement (5.J),

Yo
1 1-
S:—ﬁ/dY[lnu—i— uuln(l—u)

- g [Lig(e_)‘) — Lig(e" @) — Liy(1 — e ) + Liy(1 — e—(““))] . (5.14)

Eq. (.14)) is found to agree with (5.11)) by means of the identity [B1]
2
Lig(z) + Lig(1 —2) = —In(1l —z)Inx + 5 (5.15)
5.2 Grand canonical superstar ensemble

The superstar geometry corresponds to a triangular limit curve with constant slope
X'"(Y) = (¢j). From (B.IJ) we see that this implies a = 0. For this value of «, the
expressions for the thermodynamic quantities simplify. Defining

w= (=171, (5.16)

HFor any smooth function f(z), we have (f(z)) = f({x)) + ---, where the ellipses denote terms that
vanish in the thermodynamic limit.
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the mean energy (5.9) and number of columns (5.10) become simply

A= %NQ, N, = wN, (5.17)

and the entropy (5.14) reduces to

S=N[(1l4w)h(l+w)—wlnuw]

=V2A [(uﬂ/2 +w ) In(1 4+ w) - w!/? lnw] . (5.18)
It is interesting to note that, for fixed energy A, the entropy is invariant under w — 1/w,
exchanging rows with columns. The energy and entropy are, as expected, in agreement
with the superstar formulae ([.10) and ({11).

So far, we have dealt only with the mean quantities, which are independent of the
choice of ensemble (canonical, grand canonical or micro canonical). Differences between
the ensembles appear when fluctuations around the mean values are considered, which are
suppressed in the thermodynamic limit. However, the size of fluctuations is of interest for
the construction of a stretched horizon around the singularity of the dual geometry. This
is because the stretched horizon roughly surrounds the space-time region, where the un-
derlying microstates significantly differ from each other, and where, therefore, the singular
solution becomes unreliable.

Let us, for example, consider the variance of the total number of columns,

N
Varn, = <n§> —(ne)? = Z ((cicj) — (ci) (¢5)) - (5.19)

ij=1

It is straightforward to find the correlations

w(l+w) for i = 7,
(cicj) = (ci) (¢j) = { \ (5.20)
0 otherwise.
Hence, we obtain
Varn, = Nw(l +w) . (5.21)

Let us now estimate the size of a suitable stretched horizon. Setting dn. = +/Var n,
and using ({.23), we obtain
p_% WVl +w)
2 JN
This is too large in the large-N limit, because it would imply that the entropy (4.1§) asso-

ciated with the stretched horizon is of order N3/2, whereas (F.1§) is of order N. Therefore,
we conclude that the grand canonical ensemble at infinite temperature contains far too

(5.22)

many microstates. In the following section, we find a way to improve on this point.
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5.3 Restricted superstar ensemble

In this section, we introduce an ensemble that exhibits the mean values of the grand canon-
ical superstar ensemble, while containing smaller fluctuations. We shall call it henceforth
the restricted superstar ensemble. The main idea is to incorporate the condition on the
number of columns directly into the sum over configurations instead of imposing it via a
Lagrange multiplier. Hence, let us define the ensemble!?

N

{Cj}*: Cj:0’1a2,--°;zcj SNc . (523)
7j=1

In words, the restricted superstar ensemble contains all configurations whose total number
of columns does not exceed N,.. The choice of “does not exceed” as opposed to “is equal to”
puts N, on the same footing for the columns as IV for the rows and renders the ensemble
definition symmetric under N « N,.'3

The mean energy is imposed in the canonical way. This means that, in order to obtain
the superstar limit curve, the restricted superstar ensemble should be considered at infinite
temperature, so we set & = 0 from the start. This is a fortunate circumstance, because
expectation values can be computed quite easily. Let us start with the partition function

Ne Ne—cn Ne—cny—-—cC2
Z=2.1=> > - 2 L (5.24)
{e;}~ cn=0cn_1=0 c1=0

The sums can be performed by making use of the formula [BJ]
i n+k\ (n+m+1 (5.25)
— k N n+1 ’ ’

with the final result

Z = (N ;NC> : (5.26)

In order to calculate expectation values of products of the ¢;’s, in addition to (.29),

(a+1) (Z) —(b+1) (“ * 1) . (5.27)

one also needs the identity

b+1

The results for the one- and two-point correlators are

(cj) = NLH (5.28)
NN +2N,)

() = (NT (N +2)° (5.29)

(cicj) = Ne(Ne — 1) for i # 5 . (5.30)

(N+1)(N+2)

2For gauge group SU(N), the additional constraint ¢; = 0 has to be applied.
13Remember that Young diagrams with cy = 0 are allowed.
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We note that, in contrast to the grand canonical superstar ensemble, the numbers of
columns of different lengths are now correlated due to the ensemble restriction (f.23).

The mean energy, obtained from (f.9) and (5-29), reads
1
A= NN, (5.31)

This is as expected and agrees with the grand canonical superstar ensemble although, now,
there was no need to take the large-N limit. To compare the entropy, we consider the
thermodynamic limit, keeping the slope

w= Ne (5.32)
N+1 '
fixed. We find
S=InZ~NIn(l+w)+ N, In(1+w™t), (5.33)

where only the leading term in N has been written. This agrees with (p.1§), as expected.

We want to verify now whether the estimated size of the stretched horizon determined
by the magnitude of fluctuations is in agreement with the thermodynamic entropy. There-
fore, let us consider again the fluctuations of the number of columns. The average number

f col is found to b
of columns is found to be NN,

<7WLC>:N+1

—wN, (5.34)

with a variance

NN(N+N.+1) N
(N+1)2(N+2) N+2
where the last equality holds in the large-N limit. Translating this into an estimate for the
size of the stretched horizon by means of ([.23), we find

\/Varnc v Ty H“’ (5.36)

This is of the correct order of magmtude in N and implies an estimated horizon en-

tropy (fL1§)

Var n. = wl+w)~w(l+w). (5.35)

Shor & N1wv1 4+ w =1V2A/w(l 4+ w) . (5.37)

A slightly smaller estimate can be obtained by realizing that the restricted ensem-
ble (5.23) does not contain Young diagrams with more than N, columns. That is, in order
to enclose all mircostate Young diagrams of the restricted ensemble, we can safely place

the stretched horizon at [c.f. (B.5)]

i = 20N, + hN) = L' (0 + =

~+ 1) , (5.38)

whereas the radius of the gray disc is identified with

réd =2(h{n.) +hN) = LY (w+1) . (5.39)
Thus, we obtain
2
Po 1 w
and
Shor & Nw®/? = nwv2A (5.41)
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6. Conclusions and outlook

In this paper, we have considered pure and mixed state configurations of the LLM class
of solutions describing the 1/2-BPS sector of N' = 4 super Yang Mills theory. Pure state
geometries are generated by distributions of concentric rings of droplets, while mixed states
are characterized by some density function u(r), which is identified with the semi-classical
one-fermion phase space density. We have constructed a one-to-one correspondence be-
tween these density functions and (piecewise) monotonic curves that, in the case of pure
states, precisely delimit the corresponding Young diagrams. Inspired by the fermionic
phase space picture, we have proposed a unique entropy formula, eq. (B.13), and verified
that it reproduces the thermodynamic entropy of a general grand canonical ensemble of
Young diagrams.

Further, we have studied the mean size of fluctuations in thermodynamic ensembles
of Young diagrams in order to produce an estimate for the size of a stretched horizon that
encloses the fluctuations of the microstate geometries. Our results show that the grand
canonical superstar ensemble of [I(] has far too many fluctuations implying that the entropy
would grow like N3/2 with the number of fermions, while the thermodynamic formula
yields a growth like N. To improve upon this, we have introduced a restricted superstar
ensemble by imposing an upper limit on the number of columns. For this ensemble, the
estimated entropy scales correctly with N and differs from the thermodynamic entropy
by a function of the black hole charge parameter w. As a drawback, we observe that

our estimates (5.37) and (5.41]) are not invariant under an exchange of rows and columns,

keeping the energy fixed. It is conceivable that using the micro canonical ensemble (with
the restriction n. < N.) would improve on this point, but that ensemble is too difficult
to handle explicitly. Furthermore, as the stretched horizon can only yield an order-of-
magnitude estimate, we would not expect it to reproduce the entropy entirely.

The superstar belongs to the class of extremal small black holes discussed in the intro-
duction. Including higher derivative corrections to SUGRA, it is expected that a horizon
with finite area is generated. It would be very interesting to obtain a geometric entropy,
which can be compared with the thermodynamic entropy of the superstar ensemble. To
do this, one could, for example, consider the recently constructed higher derivative correc-
tions to five-dimensional SUGRA [BJ]. Using Sen’s entropy function approach in conformal
supergravity language, similar to [[i], seems very promising. Another very interesting ques-
tion is whether regular solutions continue to be generated by a distribution of droplets,

once higher derivative corrections are included.
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